MODULE T222: Discrete Mathematics

Topic 2

Operations on Sets

9. Finite and Infinite Sets

We have already met N, the set of  Natural Numbers.

The set of non-zero naturals,  N - {0}, is called N+.

For each natural number, n, there is a subset of N+ that contains all the naturals from 1 up to n.

Of course, the cardinality of such a set is n.

Any set which is equinumerous with such a set is called finite.

The powerset of every finite set is finite.

But no element of N+ can be the cardinality of N+.

Proof
For every number, n( N+, there is a set N={1, 2, ..., n}
whose cardinality is n and

of which N+-N is not empty (for example, n+1( N+-N).
End Proof
N+ is an  infinite set.

Of course, N, which contains one element more than N+, is also infinite.

The German mathematician, Georg Cantor (1845-1918), introduced the special symbol

(0 (pronounced ‘aleph null’)

for the cardinality of N.

There are many other infinite sets, such as:

Z, the integers {…, -3, -2, -1, 0, 1, 2, 3, …};

Q: the rationals, of the form a/b, where a, b (Z and b(0;

R: the reals, corresponding to the set of geometric points on a line.

We clearly cannot count the elements of such infinite sets.

But it is not necessary to count the elements of sets in order to establish their cardinality.

Two sets can be shown to have the same cardinality (i.e. to be equinumerous) by presenting an arrangement in which their elements are put into 'one-to-one correspondance' [see the section on Functions later].

Any infinite set that is equinumerous with N is called countable.

Georg Cantor introduced this technique and used it to prove some highly counter-intuitive results which lie at the foundations of modern mathematics. 

Examples

1. The set of even numbers is countable, even though, intuitively, there seem to be twice as many natural numbers as even numbers!

Proof Lay the elements of the two sets out in the following arrangement:

0
1
2
3
4
...

0
2
4
6
8
...

that is, under each element, n, of N, we write 2n.

Since this arrangement associates

every even number with one and only one element of N, and

every element of N with one and only one even number.

we may conclude that the sets are equinumerous and that therefore

the set of even numbers is countable.


End Proof

2. The set Q of rationals is countable, even though there seem to be many more fractions that naturals!

Proof (due to Cantor) Lay out the elements of N+ along the axes of a matrix,


and number the cells of the matrix as follows:


1
2
3
4
...

1
1
3
4
10
...

2
2
5
9
...


3
6
8
...



4
7
...




...
...





Then each cell of the matrix defines exactly one rational (the row number over the column number) and is put into correspondence with exactly one natural.

Since this snake-like arrangement of naturals can be continued indefinitely, we may conclude that

the set of rationals is countable.



End Proof













































